In this work, we shall analyze the effects of quantum fluctuations on the properties of a BTZ black hole, in a massive theory of gravity. We will analyze this for a charged BTZ black hole in asymptotically AdS and dS space-times. The quantum fluctuations would produce thermal fluctuations in the thermodynamics of this BTZ black hole. As these fluctuations would become relevant at a sufficiently small scale, we shall discuss the effects of such thermal fluctuations on the entropy of a small charged BTZ black. We shall also analyze the effects of these fluctuations on the stability of such a black hole.
The second law of thermodynamics seems to be in conflict with the physics of black holes, if a maximum entropy is not associated with black holes [1, 2] . This is because a spontaneous reduction in the entropy of the universe would occur by an object with finite entropy crossing fluctuations correct the entropy of black holes [26, 27] . Such thermal fluctuations have also been studied for a small singly spinning Kerr-AdS black hole [28] . The effect of thermal fluctuations on the phase transitions in a sufficiently small AdS black holes has also been studied [29] . Such thermal fluctuations have also been studied for different black saturns [30, 31] . The effects of thermal fluctuations on the thermodynamics of modified Hayward black hole have also been discussed, and phase transition for this system has also been investigated [32] . Now we can start from a three dimensional massive theory of gravity [24] . The action for such a theory of massive gravity, can be expressed as [25] ,
where R is the scalar curvature, L(F ) is the Lagrangian for the electromagnetic gauge field, and Λ is the cosmological constant. Here m is the mass term and f is the reference metric. Furthermore, the suitable constants for massive gravity are denoted by c i , and the symmetric polynomials of the eigenvalues of the d × d matrix K µ ν = √ g µα f αν are denoted by U i , such that
We also have (
. Now a static charged black hole with(A)dS asymptotes is given by [25] ,
where f (r) can be expressed as
here m 0 is a constant related to the black hole mass (M) as m 0 = 8M, and q is another constant related to the black hole electric charge (Q) as q = 2Q. Also, m is a massive parameter, while c, c 1 are positive constants. In the case of m = 0, we have the linearly charged BTZ black hole solution. We should note that asymptotically behavior of the solution is dS for Λ > 0, while AdS for Λ < 0. It can be argued that the structure of the horizon dependent on these black hole parameters. Hence, choosing suitable parameters, we obtain two event horizons r + and r − . It may be noted that for dS, we need to choose suitable parameters, such the temperature at the black hole horizon is the same as the cosmological horizon. It order to do that we need to analyze the structure of the horizon. This can be done by using the approximate r/l ≪ 1 and ln 1 + x ≈ x, to obtain
where we have defined A as
We will discuss the specific values of this parameter after introducing temperature. At such specific values, we will have thermodynamic equilibrium. Thus, we obtain,
The Hawking temperature is given by,
It should be noted that the temperature at both horizons must be the same, and this yields to the following condition,
It give us two conditions to have the same temperatures at both the horizons,
It should be noted that by setting A = 0 in the equation (6) we get the extremal limit for the model, and this is exactly the second condition above. Now from first condition, we obtain,
In the dS space with positive Λ, we must have 4q 2 > m 0 . Using the second condition, we obtain
Combining two above equations, we obtain the following condition
It can be used to fix parameters of the model, for example if we choose m = m 0 = l = c = c 1 = 1, then one can find q = 0.55. It may be noted that there are other possibilities which can be used to constraint the parameter space. So, we will also use both conditions (12) and (13) to study black hole entropy which help us to further constraint the parameter (q).
We can now analyze the corrections to the black hole entropy of the BTZ black hole due to quantum fluctuations. It may be noted the original black hole entropy for the BTZ black hole, in massive gravity, can be written as
We can calculate the corrections to this original black hole entropy using the path integral quantization of gravity. The path integral quantization of gravity can be done using the Euclidean quantum gravity [33, 34, 35, 36, 37] . In this formalism, the temporal coordinate is rotated in the complex plane, and the quantum gravitational partition function resembles a statistical mechanical partition function [38, 39] . Thus, if I E = −iI is the Euclidean action obtain from action given by Eq. (1), then we can write
This can be written as a statistical mechanical partition function, with β as the inverse temperature [38, 39] ,
The density of states corresponding to this statistical mechanical partition function can be written as
Here the entropy S can be expressed as
This system is usually studied at the equilibrium temperature β 0 . Thus, for this system usually the black hole thermodynamics can be obtained by neglecting all the thermal fluctuations. So, using T = β −1 , it is possible to obtain S 0 = S(β) β=β 0 = A/4G N , where A is the black hole area [40] . The quantum fluctuations increase with the decrease in the size of the black hole. This corresponds to an increase in the thermal fluctuations, in this statistical mechanical partition function. At Planck scale the full equilibrium description of thermodynamics cannot be applied, as the space-time cannot be analyzed as a differential manifold. However, in an intermediate regime, where the black hole is not small enough for the equilibrium description to break down and not large enough for the quantum fluctuations to have no effect, these fluctuations can be studied as thermal fluctuations in the partition function of Euclidean quantum gravity. The effects of thermal fluctuations on thermodynamics of a black hole are known [26, 27] , so we can obtain the correct entropy S(β), at a temperature β as a perturbation around the equilibrium temperature β 0
Here the effects of higher order corrections have been neglected. Now we can define S 0 = S(β)| β=β 0 , and express the density of states as
After performing a change of variables, this can be expressed as
Thus, we can write
We can use the microscopic degrees of freedom obtained from a conformal field theory to analyze this corrected entropy. The modular invariance of such a conformal field theory can be used to argue that the entropy should be expressed as S(β) = aβ + bβ −1 [41] , and this has been generalized to S(β) = aβ m + bβ −n [26] , where m, n, a, b are positive constants. This expression has an extremum at β 0 = (nb/ma) 1/m+n = T −1 , and the corrected entropy around this extremum can be expressed as,
Thus, we obtain the expression for the corrected entropy as
So, finally, we obtain
where Y mn is a factor which depends on m and, n, hence they can be absorbed by a suitable redefinition, as it does not depend on any parameter of this BTZ black hole. The corrections to the entropy of this BTZ black hole scale as ln S 0 T 2 [26, 27] . Now it is known that such logarithmic corrections to entropy of a black hole are obtained in almost all approaches to quantum gravity, and this seems to be a universal model independent result. In fact, such logarithmic corrections have been obtained using non-perturbative quantum general relativity [42] . Hence, logarithmic term may reflect quantum corrections [43] . String theoretical corrections to black hole entropy have also been calculated, and it has been observed that such correction terms can be expressed using logarithmic functions [44, 45, 46, 47] . Using the Cardy formula, it has been argued that black holes whose microscopic degrees of freedom are governed by a conformal field theory must produce logarithmic corrections to the areaentropy relation [48, 49] . It may be noted that even though the form of these corrections seems to be a model independent result, the coefficient of this logarithmic correction terms depends on the details of the model, and is a model dependent result. So, we will keep this coefficient as a general parameter α, and write the corrected entropy as [50] ,
where correction parameter α added by hand to find effect of such correction clearly in analytical expressions. Thus, we can write the logarithmic corrected entropy, for the BTZ black hole, in massive gravity as
We should use conditions (12) and (13) to draw corrected entropy and see that is positive. According to the Eq. (14), by choosing unit value for all parameter instead q, we have q ≈ 0.55, so we can draw behavior of entropy in terms of q in the Fig. 1 (a) for the condition (12) and (b) for the extremal case with the equation (13) . We observe that entropy is positive for q > 0.55. However very large value of the black hole charge may also yields a negative entropy, hence we are restricted to choose q in the finite interval. From the Fig. 1 (a) we can see restricted interval is 0.55 ≤ q ≤ 4.75, while for the extremal case, as illustrated by the Fig. 1 (b) we can find 0.55 ≤ q ≤ 16. It means that the extremal case yields to larger range for the electrical charge of black hole. The first law of black hole thermodynamics is given by,
where Φ is the electric potential, and it is given by [25] ,
The first law (29) is valid for the case α = 0. In presence of α, the first law is valid if the following condition is satisfied Thus, the horizon radius can be expressed as
This means that in presence of logarithmic correction, the first law of black hole thermodynamics is valid only at r + = r * + . In this case, the internal energy given by,
which yields the following expression,
We find that the internal energy is decreasing function of α in the AdS space-time, while it is an increasing function of α in dS space-time. It has similar behavior with the case of m = 0. In both (A)dS space-times, it is increasing function of massive parameter m, and a decreasing function of the black hole charge Q. Then we can study Gibbs free energy using the following relation,
In the plots of the Fig. 2 , we can see typical behavior of the Gibbs free energy in terms of r + . This can be done by varying α, and observing the effects of the logarithmic correction. As we expected, the main difference occurs only at small r + . In presence of thermal fluctuations with positive coefficient, value of the Gibbs free energy is negative infinite, and it is positive infinite for α = −1 if we do not consider thermal fluctuations. This result holds for both AdS and dS space-times. Also, we examined both possibilities given by conditions (12) and (13) which is illustrated by plots of the Fig. 3 . We can see that general behavior of the Gibbs free energy is the same.
There are some special points where corrected and uncorrected Gibbs free energy have the same value. In the case of AdS space-time there is a minimum for the Gibbs free energy which may be stable point. In order to obtain more information about stable points we study sign of specific heat. In the canonical ensemble, heat capacity at constant Q is calculated by using the following relation,
It yields to the following expression,
In the plots of Fig. 4 , we can see behavior of specific heat for both AdS and dS space-times. In the left plot of the Fig.4 , we can observe behavior of the specific heat in AdS space-time. For α = 0, we obtain some negative regions, and these regions exhibit some instabilities. It has already been observed by studding the equilibrium thermodynamics, and neglecting thermal fluctuations [25] . However, for α = −1 (for selected values of the black hole parameters), we have completely positive specific heat. So, the logarithmic corrected entropy with negative coefficient can have a stable AdS space-time. There is a special radius (r +0 ), where C = 0 which has been illustrated by orange dash dotted line and is obtained as root of the following equation,
For r + ≥ r +0 , the black hole is always in a stable phase, and for r + ≤ r +0 , the stability of black hole depends on value of α. For the suitable negative value of α, we have a stable black hole for all r + . In the case of AdS space-time, there is no phase transition which corresponds to divergence of specific heat. On the other hand, in the dS space-time the phase transition occurs, as is illustrated by right plot of the Fig.4 . It is corresponding to the zero of the denominator of the equation (37) , which yields to the following radius,
Thus, a phase transition occurs in dS space-time, and it does not occur in the AdS spacetime. Also, we find that instabilities in dS space-time are depend on value of the black hole charge inspired by conditions (12) and (13) . We find larger values of the black hole charge yields to the instable phase. These are illustrated by the plots of the Now, by using the relation between negative cosmological constant Λ and thermodynamics pressure P as,
we can investigate critical behavior and Van der Waals like phase transition [51, 52] . Combining condition (39) , with the pressure (40) we obtain,
Now using condition (32) to have validity of the first law of thermodynamics in presence of logarithmic correction, we obtain,
It is clear that there is no extremum, hence similar to the case of α = 0 there is no Van der Waals like behavior.
In this paper, we have studied the effects of quantum fluctuations on a BTZ black hole in a massive theory of gravity. We analyzed the corrections to the thermodynamics of this black hole at a sufficiently small scale. It had been argued that as this black hole becomes sufficiently small, we could not neglect the quantum fluctuations. These quantum fluctuations could be expressed using thermal fluctuations. We analyzed such thermal fluctuations as perturbations around the equilibrium temperature. We also studied the stability for such black holes. It was observed that thermal fluctuations can modify the stability of such black holes. Furthermore, we also analyzed the phase transition for such black holes. We have demonstrated that the behavior of the BTZ black hole after taking the thermal fluctuations into consideration is the same as the behavior of the BTZ black hole [53] . So, we have analyzed the critical point and phase transition for AdS BTZ black hole in massive gravity. We also, considered the extremal case of dS space-time.
It would be interesting to analyze such fluctuations for other solutions to such a massive theory of gravity. It is possible to obtain higher order corrections in the perturbation series, and it would be interesting to analyze the effects of such corrections on the stability of such black hole solutions. It is also interesting to consider logarithmic correction on the holographic heat engines [54, 55] .
